Abstract. Neutrino self-interactions are known to lead to non-linear collective flavor oscillations in a core-collapse supernova. We point out new possible effects of non-standard self-interactions (NSSI) of neutrinos on flavor conversions in a two-flavor framework. We show that, for a single-energy neutrino-antineutrino ensemble, a flavor instability is generated even in normal hierarchy for large enough NSSI. Using a toy model for the neutrino spectra, we show that flavor-preserving NSSI lead to pinching of spectral swaps, while flavorviolating NSSI cause swaps to develop away from a spectral crossing or even in the absence of a spectral crossing. Consequently, NSSI could give rise to collective oscillations and spectral splits even during neutronization burst, for both hierarchies.
Introduction
It has been known for quite some time that neutrino-neutrino interactions in a dense gas of neutrinos and antineutrinos can lead to non-linear collective flavor conversions [1] [2] [3] . Deep inside a supernova (SN) core, the neutrino density is so high that neutrinos/antineutrinos streaming out experience a potential not only due to the ordinary matter background, but also due to the ambient neutrinos [4] [5] [6] . This makes the problem non-linear, and new consequences emerge. In [7] , two stages of collective effects were recognized: (i) "synchronized" oscillations, where neutrinos of all energies oscillate with a single frequency but small amplitude-due to the small mixing angle in matter [8] , and (ii) "bipolar" oscillations, where even the small mixing angle can lead to a complete flavor conversion for inverted mass hierarchy (IH). In the case of normal mass hierarchy (NH), no bipolar oscillations take place [1] . This analysis was restricted to two flavors: electron neutrino (ν e ) and α-flavor neutrino (ν α ), where α = µ, τ, or any linear combination of both. Bipolar oscillations were shown to be equivalent to an inverted pendulum in flavor space, where swinging of the pendulum from an unstable inverted position was shown to be equivalent to flavor oscillations.
The bipolar oscillations further culminate in spectral splits. For a single spectral split, all ν e s beyond a certain critical energy would convert to ν α , while below this energy, the ν e s would emerge in their original flavor [2] . An analytical understanding of the phenomenon was offered [9, 10] using a simple box spectrum in the variable ω ≡ ±∆m 2 /(2E), where the positive (negative) sign stands for neutrinos (antineutrinos). Multiple spectral splits [11, 12] were explained analytically [13] in terms of the development of spectral swaps in g ω , where
for ω > 0 , ∝ Fν α (ω) − Fν e (ω) for ω < 0 .
(1.1) swap corresponds to a spectral split. The widths of the spectral swap on the two sides of the crossing are determined by the development of bipolar oscillations, however they are always related by flavor lepton-number conservation. Although the above analyses were carried out in the two-flavor framework with a single angle approximation [2] , important features of spectral splits were brought out even in such simplified scenarios. The three-flavor mixing effects can be largely understood in terms of stepwise two flavor effects [14] [15] [16] [17] . Multi-angle effects [11] were shown to cause smearing of features in bipolar oscillations, leading to smoothening of spectral splits. However, such multi-angle decoherence can be suppressed for sufficient neutrino-antineutrino asymmetry, which can exist in the deleptonisation flux in a realistic supernova [18] . The inclusion of multi-angle effects can also result in the suppression of bipolar oscillations in presence of matter [2, 11, [19] [20] [21] [22] .
We are still far from having a complete analytical picture of the flavor instabilities that lead to spectral swaps. However, one can get an understanding of the onset of these instabilities using a linearized stability analysis [23] . For an isotropic gas of neutrinos and antineutrinos, the rate of development of these instabilities is proportional to √ ωµ, where µ is the rate of interaction with ambient neutrinos [24] . If the assumptions of homogeneity and isotropy do not hold, then new instabilities can arise even deeper inside the star, which would result in faster flavor conversions with a rate proportional to µ [25] . A necessary condition for development of these fast oscillations is a non-trivial angular distribution among the different neutrino species, essentially, a crossing in the neutrino angular spectra [26] [27] [28] . A new approach to understand this, using dispersion relations, was developed in [29] . All the above analyses have been performed within the context of the Standard Model (SM). However, extensions to the SM can predict new non-standard self-interactions (NSSI) of neutrinos. While non-standard interactions of neutrinos with charged fermions are wellconstrained [30] [31] [32] [33] [34] [35] , NSSI are very loosely constrained and can be as large as in the SM, if not larger [36] [37] [38] [39] . This is primarily because neutrino-neutrino interactions have not been directly observed yet, and hence it is very difficult to put bounds on them. The NSSI would give rise to an effective operator of the form G F G αβν Lα γ µ ν Lβ G ζην Lζ γ µ ν Lη , where the coupling matrix G contains both standard and non-standard components. When α = β, the coupling G αβ is flavor-preserving and we call such interactions as flavor-preserving NSSI (FP-NSSI). Similarly, when α = β, then G αβ would be flavor-violating and we refer to such interactions flavor-violating NSSI (FV-NSSI). Such NSSI of neutrinos within a core-collapse SN can have important impact on collective oscillations.
The framework for analyzing the effect of NSSI on collective oscillations was first developed in [40] , which showed that FV-NSSI can cause complete flavor conversions even in the absence of any mixing. Motivated by this observation and the rather loose constraints on NSSI, in this paper we perform a detailed study of the effect of NSSI on supernova neutrino flavor evolution. We find that the presence of NSSI makes us reconsider many of the popular notions of flavor evolutions of dense neutrino streams. Below we briefly outline these notions, before going into a more rigorous analysis in the following sections.
• In a completely spherically symmetric ensemble of neutrinos and antineutrinos of a single energy, flavor conversions are known to happen only in IH. In the case of NH, only a breaking of these initial spherical symmetries can lead to conversions [41] .
We will find that presence of NSSI couplings larger than the SM couplings can lead to conversions in NH, without the need to break any of the symmetries of the initial setup. In the flavor-pendulum language, the NSSI act like an external force which can overturn the stable position of the pendulum, thereby making it unstable. Thus with a large enough NSSI, an NH scenario can mimic a standard IH scenario, and vice versa.
• Spectral swaps develop around the zero crossing of the g ω spectra [13] .
FV-NSSI violates flavor lepton number, which may cause the swap to develop away from the zero crossing of the g ω spectra. A spectral crossing is then no longer necessary for the development of swaps. This could give rise to collective oscillations during the neutronization epoch, which are absent otherwise. Distinct splits in the neutrino spectra during this epoch can then be a signal of NSSI.
We expand on these ideas in the following sections. In Section 2, we set up the formalism and analyze the evolution for a system of ν andν of a single energy in presence of NSSI and demonstrate collective effects in NH for large enough NSSI.
In Section 3, we consider a simple asymmetric box spectrum and illustrate the effects of NSSI parameters analytically as well as numerically. In Section 4, we highlight the presence of spectral splits during neutronization epoch as a result of NSSI. Finally, in Section 5, we discuss our results and conclude.
Flavour evolution in presence of NSSI
We consider a two-flavor setup, consisting of ν e and ν α in the presence of NSSI. We write the entire formalism in terms of momentum-dependent 2 × 2 density matrices p , where the dependence on position x and time t is implicit. In terms of these, the equation of motion (EoM) for each mode p is given by [42, 43] 
The Hamiltonian matrix Ω p ,
contains the vacuum, matter and self-interaction terms. The matrix of vacuum oscillation frequency in the mass basis is
where E = |p| for ultra-relativistic neutrinos. For the antineutrino density matrix¯ p , the same EoMs apply but with the replacement, Ω vac → −Ω vac ; thus antineutrinos of energy E can be thought of as neutrinos of energy −E, having identical EoMs . The charged-current Mikheev-Smirnov-Wolfenstein (MSW) potential term in Eq. (2.1), due to the background electron density n e , is represented by
in the weak interaction basis, where λ ≡ √ 2G F n e . The most general form of the effective Hamiltonian due to self interactions is given by 5) where the term (1 − v p · v q ) leads to multi-angle effects due to neutrinos moving on different trajectories. In the SM, the dimensionless coupling matrix G is an identity matrix. After including NSSI, the most general coupling matrix is given by
The bounds on γ αβ are very weak since processes involving neutrino self-interactions are rare and difficult to observe. Loose bounds on these four-neutrino contact interactions can be put from low-energy π + , K + decays [44] and from SN1987A data [45] . However, much stronger constraints on neutrino NSSI come from LEP data. The presence of non-standard neutrino coupling can give rise to a new decay channel Z → νν → νννν, which modifies the invisible Z-width predicted by the SM [36] . Alternatively, such new interactions can contribute to loop corrections in a SM process, for example, in the Z → νν decay channel. The invisible Zwidth is measured with an accuracy better than 1% and this can put more stringent bounds on the coupling [37, 39] . Assuming the NSSI are due to the presence of a new gauge boson, these bounds directly translate into |γ ee |, |γ xx | and |γ ex | ∼ O(1). Stronger bounds can come from primordial nucleosynthesis, however one needs to assume the presence of right-handed neutrinos [38] .
The last term on RHS in Eq. (2.1) represents collisions between different neutrino flavors. For simplicity, we neglect this term in our analysis. Following the notation in [40] , we write all matrices in Pauli basis as follows:
where P p and P p may be interpreted as the polarization vectors for neutrinos and antineutrinos, respectively. The coordinate system is chosen such that the polarization vector pointing in the +z indicates ν e whereas that in the −z direction indicates ν α . The neutrino density is given by integrating the momentum distribution function f p over all momentum modes, n ν ≡ d 3 p f p and nν ≡ d 3 pf p . The normalization, thus, is such that |P p | = 1. The vacuum Hamiltonian may be interpreted as an external magnetic field, given by B = (sin 2ϑ 0 , 0, − cos 2ϑ 0 ), where ϑ 0 is the vacuum mixing angle between the two flavors. The MSW potential Ω MSW is characterized by its magnitude λ and a unit vector L = (0, 0, 1) . The coupling matrix G is similarly represented as
The four-vector g = {g 0 , g} is a measure of the net neutrino-neutrino coupling. The SM corresponds to g 0 = 2 and |g| = 0. Thus, the vector g indicates the strength of NSSI.
Im(γ * ex ) and g 3 = γ ee − γ xx . Thus, g 0 and g 3 are flavor-preserving NSSI (FP-NSSI) couplings while g 1 and g 2 are flavor-violating NSSI (FV-NSSI) couplings. Note that we can redefine the phase of ν α such that g 2 = 0. The NSSI can thus be parameterized by g 0 , g 1 and g 3 .
With the definitions in Eq. (2.7) and Eq. (2.8), the EoMs take the forṁ
where
and µ ≡ √ 2G F nν. The variable ξ parameterizes the neutrino-antineutrino asymmetry such that n ν = (1 + ξ)nν. We further note that the parameter g 0 can be scaled away by the following redefinition in Eq. (2.10) :
This yields
Henceforth, we will work in terms of the rescaled g and Ω νν p . It is interesting to note that Ω νν p in Eq. (2.12) has two types of terms: the first one is the SM neutrino-neutrino interaction term modified due to |g|. If this were the only term present, the EoMs would represent a precessing top with a modified µ given by µ → µ 1 − |g| 2 /4 . However, there is a subtle difference. The modified µ term can now change sign depending on the value of |g| and affect the motion of the top. The second term gives rise to a term of the form χ(t)g × P(for neutrinos) or χ(t)g × P (for antineutrinos) in the EoMs [Eq. (2.9)] . It represents the equation of a precessing top around the direction g with a time-dependent frequency χ(t). This allows us to interpret the NSSI vector as an external force on the precessing top.
In the further analysis, we work with a single-angle approximation, where the problem has a spherical symmetry and all neutrinos are emitted with the same "emission angle" [2] . In this scenario, the factor of (1 − v p · v q ) drops out of the integral.
The flavor pendulum
To understand the flavor evolution more clearly, we follow the analysis in [7] , and rewrite our EoMs for a single momentum mode p in terms of the new vectors D ≡ P − P, S ≡ P + P. The EoMs are exactly identical with
where the vector L is defined such that it is normalized to unity. In terms of the vector
the EoMs areQ
We observe that in the scenario λ = 0, |Q| is conserved. Thus Q describes a spherical pendulum in the flavor space with length |Q|, as in [7] . In the subsequent subsections, we study the motion of this pendulum for a constant as well as a realistic, decreasing neutrino density profile. 
Constant neutrino-neutrino potential 2.2.1 Small mixing angle
In this section, we confine ourselves to a fixed neutrino density and study the flavor evolution of the system. In Fig. 1 , we show the variation of P z , i.e., z-component of the polarization vector P, with time for three different values of |g|. We consider zero asymmetry and for simplicity, put g 1 , g 2 = 0, hence |g| = g 3 . Note that D · g = D z g 3 is almost conserved in this case, as the mixing angle ϑ 0 is small. Since D z (0) = 0, we have D · g 0 and hence λ λ. We choose the matter potential λ = 0 to start with.
In NH, there is no instability in the SM, i.e., |g| = 0 , since this is similar to a normal pendulum. With NSSI, since ξ = 0 and D · g 0, the second term in Eq. (2.12) vanishes and µ is simply modified to µ. The stability of the pendulum holds for |g| ≤ 2. However, if |g| > 2, i.e., when the sign of µ reverses, collective oscillations start taking place. This can be clearly seen in the left panel of Fig. 1 . As |g| is increased further, the frequency of collective oscillations also increases. The results in IH are complementary; for 0 ≤ |g| ≤ 2, we observe an instability, whereas for |g| > 2, the instability vanishes (Fig. 1, right panel) .
The features observed in Fig. 1 may be understood as follows. In the absence of λ,
Clearly B · D is conserved . Moreover, With initial conditions P(0) = P(0) = (0, 0, 1), the scenario is equivalent to that of a pendulum whose oscillations are confined to a plane defined by B and z-axis. In terms of Q = |Q| (sin ϕ, 0, cos ϕ), we havë
For small ϑ 0 and ϕ, Eq. (2.17) corresponds to a harmonic oscillator for ω µ > 0 and an inverted pendulum for ω µ < 0. This is the reason why we observe collective oscillations in NH for |g| > 2 when the sign of ω µ becomes negative and we enter the inverted pendulum phase. Note that here the NSSI themselves have made the pendulum unstable, without breaking the spherical symmetry of the system. On the other hand, in IH, when |g| > 2 , the sign of ω µ becomes positive and collective oscillations are suppressed.
Using the initial conditions ϕ(0) − (ω/ µ|Q|) 2ϑ 0 andφ(0) = 0, the solution to the above inverted pendulum (ω µ < 0) for small ϑ 0 and ϕ is
During the pendular oscillations, the time taken for ϕ(t) to become of order unity is then
Thus, the frequency of collective oscillations is larger when ω µ becomes more negative. This corresponds to |g| increasing beyond 2 in NH and |g| decreasing below 2 in IH, as observed in Fig. 1 . Now that we have demonstrated that instabilities in NH for |g| > 2 are similar to IH for |g| < 2, for further analysis we will confine ourselves to the scenario with IH and |g| < 2 .
Next we will show the effect of a non-zero λ = λ. This term is identical for both neutrinos and antineutrinos, and hence can be rotated away in a co-rotating frame, in the single-angle approximation, as shown in [7] . Now B · D and |Q| are not exactly conserved, but exhibit fluctuations with a frequency of λ. These can average out to zero for large λ. We plot the time evolution of P z with finite matter effect in Fig. 2 (left panel) . It can be seen that the presence of matter effects does not change the qualitative nature of the plots, however, the value of τ increases with λ as has already been noticed [7] . The right panel of Fig. 2 shows the effect of changing g 3 in presence of a fixed matter density λ. We observe that changing g 3 also gives qualitatively similar results and leads to extension τ . Thus, a non-zero g 3 acts like an extra matter term in the system. This can also be discerned from Eq. 2.13.
Large mixing angle
If the vacuum mixing angle ϑ 0 is large (and λ = 0, so the effective mixing angle is not suppressed), the oscillations develop a doubly periodic pattern, as shown in Fig. 3 . The . Parametric plot of P x (t), P y (t) and P z (t) in IH for three different values of ϑ 0 = 0.01, 0.4, 0.6 (corresponding to those in Fig. 3 ). The pendular axis has also been shown. We take g 3 = 1.5 and µ = 10 ω.
oscillation wavelength remains the same, however a new "double-dip" structure is seen in the oscillation pattern.
This feature can be understood from the fact that when ϑ 0 is large, the initial misalignment angle 2ϑ 0 is large. The pendular motion of P, which initially starts from the z-axis, is then symmetric about this initial misalignment axis. However the motion of P is not exactly symmetric about the z-axis. This asymmetry becomes more prominent and visible when ϑ 0 increases and this leads to the double-dip feature. If we realign our axis from which ϕ is measured with the pendular axis, then these features would vanish. In Eq. (2.17), this amounts to a shifting of ϕ → ϕ = ϕ + 2ϑ 0 .
When the initial neutrino-antineutrino flux asymmetry is vanishing, and stays zero since g 1 = 0, we have P z (t) = P z (t) = S z /2, and Eq. (2.14) gives
The maxima of P z occur at ϕ max,1 = sin −1 [−ω sin 2ϑ 0 / ( µ|Q|)] and ϕ max,2 = 2π − 4ϑ 0 + ϕ max,1 , while both the minima are at ϕ min = π. Equation (2.20) then explains the doubledip feature. The heights of the two maxima are different, the larger maxima corresponding to ϕ max,1 and the smaller maxima corresponding at ϕ max,2 . A clearer idea may be obtained if we study the motion of P in the 3-dimensional [P x (t), P y (t), P z (t)] space as shown in Fig. 4 . When ϑ 0 is small, the motion is almost symmetric about the z-axis, tracing an almost complete circle in the P x (t) − P z (t) plane. It is interesting to note that while the pendulum comes back to its initial position, it does not retrace its path. For larger ϑ 0 , the axis tilts significantly, and P traces a trajectory symmetric about this new axis. The double-dip features are therefore a result of an initial large misalignment.
Neutrino-neutrino potential in a supernova
Inside a core-collapse supernova, the neutrinos will experience a time-varying potential as they travel outwards from the neutrinosphere. Moreover, the initial neutrino flux is typically more than the antineutrino flux. To take into account these features, we consider the following spherically symmetric potential [13] ,
where r 0 = 10 km is taken to be the radius of the neutrinosphere. We choose ω = 0.3 km
corresponding to the atmospheric mass squared difference and E 20 MeV, and a neutrinoantineutrino flux asymmetry of 20%. We take λ = 0 and study the effects of FP-NSSI and FV-NSSI through the rescaled couplings g 3 and g 1 (see Eq. (2.11)), respectively. We show the evolution of P z and P z in Fig. 5 . The polarization vectors have been normalized such that |P| = 1. The following observations may be made from the figure.
• FP-NSSI scenario: When only g 3 is non-zero , the initial flux asymmetry is conserved, a result of B · D conservation. The initial flat values of P z and P z denotes synchronized oscillations. It is important to note that the presence of g 3 leads to an extension of the time of onset of bipolar oscillations as explained in Section 2.2.1. The bipolar oscillations, which would have started at r 100 km at g 3 = 0, start at r 130 km now for g 3 = 0.05. Beyond that, almost complete flavor conversion takes place, while conserving the total flavor lepton number, hence retaining the flux asymmetry. • FV-NSSI scenario: When only g 1 is non-zero, the flavor lepton number is not conserved. Rapid oscillations are observed to take place even at very low r values, due to the "transverse" NSSI term proportional to ξµg 1x . With increasing r, the value of µ decreases and so does the frequency of oscillation. During this evolution, the value of the flux asymmetry ξ keeps on changing. It is finally frozen at large r when ξµg 1 → 0. Even in this scenario, almost complete flavor conversion may take place.
Thus, we find that even in the simple single-angle approximation, the introduction of NSSI gives rise interesting results in the time evolution of system of neutrinos and antineutrinos of a single energy. In the next section, we will focus on a spectrum of neutrinos and antineutrinos, and study the effects of FP-NSSI and FV-NSSI on it.
Effects of NSSI on spectral swaps
Till now, we have studied the effects of NSSI on a single energy mode. In this section, we explore its effects on a toy spectrum, over a range of ω values. This will help us get a clear understanding of how NSSI can affect the spectral swaps. In this section, we explore the NSSI effects in the g 1 − g 3 plane and illustrate our results with a box spectrum g in ω (see Eq. (1.1)). The spectrum, shown in Fig. 6 (left panel), corresponds to a flat ω spectrum of neutrinos and antineutrinos, confined to 0 ≤ |ω| ≤ 1, with a ν −ν flux asymmetry of 10%. The neutrino flavors evolve while propagating through a medium with the neutrino-neutrino potential µ described by Eq. (2.21) and shown in Fig. 6 (right panel) .
FP-NSSI scenario: pinching of spectral swaps
When g 1 = 0, g 3 = 0, the NSSI terms play the same role in the EoMs as the matter term, as we have seen in Sections 2.2.1 and 2.3. It is already known that presence of a matter term tends to suppress collective oscillations [46] . So we expect that increasing values of g 3 would lead to suppression of spectral swaps. In Fig. 7 , we show the final spectrum g final ω (left panel) and the swap factor S ω (right panel) for different values of g 3 , in IH.
It is observed that the swaps develop around the positive crossing at ω = 0, with their relative extent on both sides of the crossing being fixed by approximate conservation of B·D. The width of the swap is the greatest in the absence of g 3 (SM scenario). With increasing g 3 , the width of the swap is observed to decrease, i.e., the swaps get pinched. As g 3 approaches 2, the height of the swap also decreases till the swap finally vanishes when g 3 1.7. Note that the value of g 3 at which the swap vanishes depends on initial spectrum, however our arguments in Section 2.2.1 have already indicated that for g 3 > 2 in IH, there would not be any collective oscillations.
It is important to mention that in this case, the conservation of B · D is approximately valid in the limit of small mixing angle ϑ 0 . From Eq. (2.15), we find
where [· · · ] represents the scalar triple product (box product). If ϑ 0 0, the vectors B and g = g 3ẑ are nearly parallel, the box product vanishes, and the flavor lepton number conservation is valid.
The effect of the FP-NSSI coupling is thus to reduce both the height and width of the spectral swaps.
FV-NSSI scenario: flavor lepton number violation
The presence of a non-zero g 1 provides a more interesting scenario to study. The term ξµg 1x essentially acts like an oscillation term between the two neutrino flavors. It causes flavor lepton number violation and can give rise to flavor conversions even with ϑ 0 = 0 [40] . Our results in Section 2, where we plot the variation of P z , P z in Fig. 5 (right panel) , also illustrate the non-conservation of flavor lepton number. Indeed with g = g 1x , Eq. (3.1) gives
which is non-zero even for ϑ 0 = 0. This non-conservation of B · D may have important observations. We illustrate the effect of g 1 on the same spectra as in Section 3.1 in Fig. 8 . The figure shows that the effect of g 1 is felt at very low values. With our particular spectrum, increasing g 1 increases the width for ω > 0, while keeping the swap for ω < 0 unchanged. Clearly this implies that B · D = dωg ω is not conserved. The width of the swap on both sides of the split is now governed by the variation in Eq. (3.2) .
An important observation may be made at this stage. When B · D is conserved, dωg ω over the swapped region should vanish. This implies that the swapped region must contain at least one zero crossing in g ω , by the intermediate value theorem. This is the essential reason for swaps to develop around a crossing. Therefore in the SM as well as in FP-NSSI, collective oscillations start taking place only when there is a g ω crossing, which is the common wisdom. However, this notion breaks down when we have FV-NSSI. Now B · D is not conserved anymore and, depending on the evolution in Eq. (3.2), swaps may occur away from the zero crossing of g ω . We illustrate an interesting consequences of this observation in Fig. 9 , where we take the same initial spectrum g in ω as in Fig. 6 (left panel), however consider the NH case. In the SM, we know that a swap cannot develop in such a case since the crossing at ω = 0 is positive. Even the discontinuity at ω = 1 is not a real negative crossing and cannot lead to a swap as long as B · D is conserved. However, as the Fig. 9 (right panel) shows, in presence of g 1 , a swap starts developing for ω 1, resulting in collective oscillations in that region. To understand the evolution of this swap further, we have added a g ω = 10 −5 (for 1 ≤ ω ≤ 10) and observed the development of the swap at different distances from the neutrinosphere. As the right panel of Fig. 9 shows, the swap clearly starts developing beyond the discontinuity at ω = 1 where the spectrum virtually vanishes, a feature not seen in the case of the SM. Interestingly, the swap factor remains at S ω = −1 and does not change to S ω = 1 even for large enough ω. Figure 10 . Effects of collective oscillations due to NSSI on a pure ν e spectrum restricted to 0. Thus, introduction of an off-diagonal NSSI leads to unexpected swaps in the neutrino spectrum. This flavor number non-conservation can also lead to new spectral splits even in the neutronization burst epoch, as we will see in Section 4.
Collective effects during neutronization burst
In the SM, collective effects cause pairwise conversions ν e ↔ ν α andν e ↔ν α due to flavor lepton number conservation. During the neutronization burst, only ν e s are present. As a result, there is no zero-crossing in the spectrum g ω and hence bipolar oscillations do not occur. However, as we have shown in Section 3, the presence of FV-NSSI can provide the necessary seed for collective oscillations to develop. As a result, spectral splits may be observed even during the neutronization burst. Note that during this epoch, none of the other collective effects, including the fast flavor conversions, can give rise to this phenomenon.
In Fig. 10 , we demonstrate this novel phenomenon with an initial box spectrum consisting only of ν e s. This spectrum is non-zero for ω min ≤ ω ≤ ω max , which represents a cut-off in the ν e spectra at low and high energies. We observe that
• In NH (left panels), the presence of a non-zero g 1 leads to the development of a swap around ω max , which corresponds to conversions of low energy ν e s to ν α s. With increasing value of g 1 , the swap becomes broader, thereby converting more of the ν e s to ν α s. For the spectrum used here, this phenomenon is visible for a non-zero FV-NSSI as low as 10 −3 .
• In IH (right panels), the presence of a non-zero g 1 leads to the development of a swap around ω min , which corresponds to conversions of high energy ν e s to ν α s. With increasing value of g 1 , the swap becomes broader, thereby converting more of the ν e s to ν α s. For the spectrum used here, this phenomenon is visible for a non-zero FV-NSSI as low as 10 −3 .
• If a non-zero g 3 is also present, the swap is pinched, as shown in the lower panels.
In order to see how the presence of FV-NSSI affects the neutrino spectrum during neutronization burst, we consider the following initial flux [47] 
We choose the average energy E νe = 12 MeV [48] . The fluxes for theν e , ν α andν α have all been taken to be zero during the neutronization epoch. With these parameters, the initial and final ν e spectra (just after the ν e ↔ ν α collective oscillations are over) are shown in Fig. 11 for both NH (left panel) and IH (right panel). As expected, we observe a distinct split in the ν e spectrum in both hierarchies.
• In NH, for high energies, the final spectrum is identical to the original ν e spectrum, whereas at lower energies, all the ν e s get converted to ν α s. As a result, the average energy of the ν e spectrum will increase and a sharp rise would be observed after a certain critical energy.
• In IH, the exact opposite behaviour is observed. For low energies, the final spectrum is identical to the original ν e spectrum, whereas at higher energies, all the ν e s get converted to ν α s. As a result, the average energy of the ν e spectrum will decrease and and its tail would be replaced by a sharp drop.
The analysis so far takes into account only two-flavor collective conversions. This could be followed further by another collective flavor conversion, in the stepwise process In principle, collective conversions ν e ↔ ν y and ν e ↔ ν x may happen in a stepwise manner [14, 15, 17] , where
The spectra after these collective transformations will further be affected by MSW flavor conversions at the H and L-resonances [49, 50] . The final spectra arriving at the Earth would be
where P ey and P ex are the collective flavor conversion probabilities for ν e ↔ ν y and ν e ↔ ν x respectively. We have taken the H and L-resonances to be adiabatic as is clear from the large values of the corresponding mixing angles [50] [51] [52] . In the absence of NSSI, P ey = P ex = 0 and hence
Since |U e3 | 2 0.025 , |U e2 | 2 0.3 and the flux during the neutronization burst is wellpredicted [53] , the two hierarchies can be distinguished by observing the number of events during the first ∼ 20 ms of a SN neutrino signal. This picture changes with the introduction of NSSI. The non-zero values of P ey and P ex , combined with the sharp energy dependent spectral split features in these quantities will affect the final number of events as well as the ν e spectral shape. For an illustration, we choose the scenario where P ex = 0 and show the quantity (flux × cross-section) at a liquid Argon (LAr) detector in Fig. 12 . Note that the exact position of the spectral split would depend on the initial flux as well as the values of NSSI parameters. In the scenario shown in the figure, increasing the value of g 1 tends to shift the split to higher energies in NH and lower energies in IH. On the other hand, the presence of a non-zero g 3 would cause pinching of the swap. This corresponds to shifting the split to lower energies in NH and to higher energies in IH. If further P ex = 0, it could give rise to multiple spectral splits. Since such features can be present in both hierarchies, the identification of mass hierarchy from the neutronization burst [50, 53] would become difficult.
The observation of such a spectral split during the neutronization epoch would indicate the presence of NSSI. This however would need a sufficiently large number of events and a very good resolution in time and energy to resolve these splits. With a neutrino flux of ∼ 10 57 ν e s during the neutronization burst of a SN at 10 kpc, one would expect up to O(100) events in a 40 kt liquid Argon detector. In water Cherenkov detectors, where ν e flux will be detected through the elastic scattering ν e + e − → ν e + e − and the energy determination is not so good, the signals of NSSI may be discerned if the expected number of events are observed to be too high for the NH scenario and too low for the IH scenario. For the 500 kt Hyper-Kamiokande, one would expect up to O(100) of events during this neutronization burst.
Note that the results in this paper are obtained under the single-angle approximation. Multi-angle effects and possible consequent effects of matter may modify the final spectra. However the distinctive effects of NSSI, in particular the formation of spectral splits where none would be present otherwise, could survive and are worth exploring further.
Summary and Discussions
In this paper, we have investigated the effects of non-standard self-interactions (NSSI) on collective oscillations of supernova (SN) neutrinos, motivated by [40] and the rather weak limits on the NSSI couplings [39] . Using a flavor-pendulum picture to get an analytical understanding, we have performed a comprehensive study of the impact of flavor-preserving (FP-NSSI) as well as flavor-violating NSSI (FV-NSSI) on the flavor evolution of neutrinos. We work with two neutrino flavors and in the single-angle approximation, and expect that the qualitative features of the effects of NSSI would be captured even in this simplified scenario. Indeed, many interesting results significantly distinct from the Standard Model (SM) expectations are seen to emerge with the addition of NSSI.
For an ensemble of neutrinos and antineutrinos of a fixed energy, we have shown that for large enough NSSI, the predictions for the two mass hierarchy interchange, i.e., flavor conversions can happen in NH, whereas they can vanish in IH. For a typical neutrino-neutrino potential in a SN, the FP-NSSI are observed to act like a matter term, causing a delay in the onset of flavor conversions. The FV-NSSI result in the violation of flavor lepton number, and hence do not preserve the initial neutrino-antineutrino flux asymmetry.
We have also analyzed the effects of NSSI on a box-spectrum of neutrinos and antineutrinos over a range of energy modes, in order to clarify how NSSI affects the spectral swaps. In the presence of FP-NSSI, spectral swaps develop around a spectral crossing. The FP-NSSI lead to the pinching of the spectral swaps, i.e., a decrease in their width and height. The flavor lepton number violation arising from FV-NSSI leads to interesting observations: while in the SM, the swaps have to develop around the zero crossing of the g ω -spectra, the presence of FV-NSSI may cause swaps to appear away from spectral crossings, and even in the absence of spectral crossings.
An important consequence of such a flavor lepton violation with FV-NSSI is the presence of collective oscillations during the neutronization burst epoch of a SN leading to low (high) energy conversion of ν e to ν α in NH (IH). This would alter the neutronization burst signal. Using a realistic ν e spectrum during the neutronization burst and taking into account the effect of MSW resonance inside the star, we demonstrate the presence of spectral splits in the final spectra. Since collective effects would otherwise be absent during this epoch, the presence of such splits can be a clear indication of NSSI. This could also make the identification of hierachy during neutronization burst harder.
Note that our work uses a two-neutrino framework and a single-angle approximation. Nonetheless, these simple approximations already bring out possible interesting features with the introduction of NSSI. A more realistic treatment will require a detailed three flavor study, with the inclusion of multi-angle effects and matter effects. The possible non-standard interactions among neutrinos and charged fermions may also give rise to further interesting features. It might also be interesting to study how the presence of NSSI affects formation of the neutrino spectra and dynamics of the SN core, as suggested in [56] . Thus the introduction of NSSI to SN dynamics and neutrino flavor conversions can open up a plethora of new effects and rich phenomenology.
